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Abstract

Students taking a calculus course for the very first time have generally had an intuitive approach to
infinity, which has likely had to do with “real life” events, such as the infinite nature of the Universe.
The students have not usually reflected upon any of the mathematics aspects of infinity and to a certain
extent this hampers their understanding within a mathematical context. When learning about the concept
of limit (essential in order to adequately build calculus concepts) knowledge of infinite processes is
required. Moreover if the task of teaching calculus is restricted to its algebraic aspects without paying
attention to the use of non-algebraic representations, it is very difficult for students to arrive at a deep
understanding of calculus. It is even difficult to conceive of a student being able to comprehend calculus
without having first developed visual skills tied in to building calculus concepts, for example.
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Introduction

There are several problems inherent in the learning of calculus that results in secondary
school students and teachers being unable to reach a certain level of depth in their calculus-
related conceptions. One of the learning issues that has been detected among students is that of
the concept of function. The problem facing secondary school students and some of their teachers
(see Hitt, 1996, 1997, 1998a and 1998b) with respect to developing a deep understanding of the
concept of function is that generally the students and some of their teachers restrict themselves
to an algebraic manipulation of the concept, which limits their understanding. Usually tasks that
have to do with connecting different representations of a concept' are not considered by many
teachers to be essential to building mathematical knowledge and, in particular, teachers tend to
minimize conversion tasks related to the concept of function.

Problem of Research

Two problems are shown in this paper:

1. Some of the difficulties faced by both students and teachers when learning calculus and
the importance of the use of the graphic representation as support to understanding some
concepts.

2. There is other problem that is “naturally” generated also because of the way the
students are taught, albeit those problems are of a different nature. At the beginning
of function graphing processes, one always begins with a given algebraic expression,
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values are substituted so as to put together a table and then students are asked to use a
curve to join the points. This produces two types of conflicts among students (and in
some teachers as well):

e The first is associated with a lack of overall vision concerning the behavior of
functions. This conflict can immediately be noted when a task is requested on the
basis of using the graph of a function to build the corresponding algebraic expression.

e The second has to do with the conception of function as a continuous function. The
conflict can be seen when the request is made to build different functions that meet
certain characteristics. An example of this can be seen in the exercise: Build three
different functions f,, f,, f, from the real into the real, such that |f,(x)|=|f,(x)|=|f,(x)|=2,
for every real x.

Research Focus
The Graphical Representation Register

As for the work per se of the graphical, tabular and algebraic representation registers,
as well as of the problem, as is pointed by Hitt (2003), and Arcavi & Hadas (2002), who
underscores that visualization enables statements to be understood and activities to be carried
out, and although it does not lead to the correct answer, it does enable the person solving
a problem to delve deeply into the situation being solved. The author moreover states that
visualization constitutes the link to seeking the solution to the problem raised.

The foregoing researcher (Hitt, 2003 and Arcavi & Hadas, 2002) also points out that
mathematical visualization of a problem plays an important role, and involves understanding
the word problem by bringing into play varying representations of the situation in question, thus
making it possible to undertake an action that will possibly lead to solving the problem.

The foregoing researcher (Hitt, 2003 and Arcavi, 2002) also points out that mathematical
visualization of a problem plays an important role, and involves understanding the word
problem by bringing into play varying representations of the situation in question, thus making
it possible to undertake an action that will possibly lead to solving the problem.

According to the theory of importance about the use of different representations in the
mathematics teaching, what it has to be done is to introduce the mathematical concepts with
activities that can give the work with different representations.

This can be easier to understand with an example of a case shown by Duval (1998) where
a high-school professor was interviewed and was asked to make the graphic of a function that
is shown in the figure 1.
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Figure 1: It is a function in parts.

Also Duval asked him to analyze it as x=0. The teacher made two graphics as is shown in
figure 2 and said that the derivate en x=0 was equal to zero.
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Figure 2: Graphics made by the teacher.
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After that Duval suggested the teacher to take his geometric idea as a conjecture and to justify
it with an algebraic process.
His answer is shown in figure 3.
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Figure 3: Algebraic representation done by the teacher.

Duval pointed out that if the teacher had used a graphic calculator probably the result on
the screen would have suggested to review the first idea allowing him to see that in the variable
zero is not derivable.

In the other hand from the foregoing point of view, the work of Ben-Chaim (2005),
Eisenberg & Dreyfus (1990), Hitt (2003) and Zimmermann (2001), inter alia, are food for
thought concerning the role played by visualization in the understanding of calculus.

The literature for instance, Duval (1998) and Hitt (2003) provides clear examples of
educational experimentation in which visualization is a paramount element in the task of
learning calculus. The researchers in this context have pointed to learning difficulties that exist
with respect to the topics of functions, limits, continuity and function derivative and integral.

Methodology of Research

General Background of Research

For the documentary phase of the research, a review was undertaken of the specialized
literature in the fields of semiotic representations, use of representation registers, the importance
of technology and the concept of function.

The methodological orientation stands within a qualitative perspective, which means
that the qualitative aspects of the experimental process were fundamentally observed. This was
carried out through the following phases:

e  Determination of the sample of professors to whom the interview would be applied.
Transcription in the classroom.

Analysis of results of the transcriptions

Discussion.

Determination of findings and conclusions.

Sample of Research

In an experiment involving secondary school teachers in Mexico City, a sample of 9
teachers was asked to design a class on the topic of their choice, but without using any notes
or books. One of the nine participating teachers chose the topic of linear function. An excerpt
of what the teacher said is transcribed below, along with an interpretation on the basis of each
paragraph.
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Transcription in the Classroom

Transcription 1

Teacher “Have the students determine the algebraic representation of the following
problem: “Antonio’s father will be twice as old as his son in five years.” y = age of
Antonio’s father: (Dependent variable). x = Antonio’s age: (Independent variable.)

Algebraic model. y =2 x+5".
Student 1: “The age of the father is a function of the son'’s age”.
Transcription 2

Teacher: Establishing the Algebraic Representation of the Problem; we could allocate
a series of ages to Antonio, as follows: If Antonio has not yet been born, how old is his
father?

The teacher writes the following on the blackboard:
y=/x)
S x)=2x +5
S(0)=2(0)+5=5 aiios (vears)

Teacher: “So by the time Antonio is 10, 15 and 20 years old, how old will his father be?
By the time Antonio is 10 years old, his father will be 25 years old.

f(10)=2(10)+5=20+5=25
Transcription 3
Teacher: By the time Juan is 15 years old, his father will be 35 years old.
£(15)=2(15)+5=30+5=35
By the time Juan turns 20, his father will be 45

We can use the previous example to interpret the problem graphically using ordered
pairs (x, f{(x)) where:

X = Antonio’s age.
f(x) = Antonio's father’s age.

Thus we obtain the following points and note them as F(x) = {(0, 5) (10, 25) (15, 35) (2
0, 45)}
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Figure 4: Draw of a graph in the Cartesian system.
Instrument and Procedures

Because of the use of a qualitative methodology the procedure consist in an analysis of
each referred transcription in three moments in the classroom

Analysis of Results
Analysis concerning transcription [

The manner in which the word problem is presented would appear to be closer to an
algebraic interpretation such as: y =y =(x+5)  ich differs from that provided by the teacher.
However the most important point is that actually the teacher has raised an equation rather
than a function. Does the teacher clearly understand the difference between an equation and a
function?

Because of the way in which the teacher presented his example, it appears as though he
is presenting an example that he has previously developed in class.

Analysis concerning transcription 2

The teacher proposes to assign values to x in order to find those of'y, yet when he proposes
zero indicating that the son has not yet been born, the father would be 5 years old, which is
unrealistic. What would happen if one proposes that x has a value of 1, then y would have a
value of 6, and the question that would arise is: Can a child of 6 have a 1 year old son?

Analysis concerning Transcription 3

The teacher goes from a discreet case to a continuum without providing any explanation
whatsoever. He moreover fails to mention the meaning that can be given to negative ages.

Results of Research

Clearly the mathematics teacher wants to present an example from “real life” in order
to introduce the concept of linear function. The approach he follows will assuredly produce a
limited and mistaken conception of the concept among his students. When proposing examples
from “real life”, teachers must be exceedingly careful. It is always a good idea to use examples
that have been well thought out and that do not lead to incoherent ideas such as those seen in
the teacher’s example. Mathematics applications are much too important to be jeopardized
by proposing incoherent examples that will ill teach students, running the additional risk of
inuring students to incoherencies and logical contradictions instead of leading them to a deeper
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knowledge of the mathematics concepts at play. The teacher referenced does not appear to
realize that he is continuously incurring in logical contradictions, both from the standpoint of
mathematics and of common sense (a six-year old father who has a one-year old son!). In short,
one can state that as a result of the teaching, one would have students who would be unable
to generate a cognitive conflict (able to recognize that something is wrong) when faced with a
contradiction, students whose problem-solving performance would be low.

The problem is that if the teacher is unaware of that pitfall, he/she will be unable to
help students. Consequently the cognitive conflicts will intensify to such an extent that they
will become obstacles along the road to learning functions, hence also on the road to learning
calculus.

Discussion

Promoting mathematics visualization by using different representations and by making
reflexive use of new technologies that in turn make it possible to give a concrete meaning to
mathematical notions is important. With this, a concept can be built by way of coordinating the
myriad representations related to the concept in question, and the task can be achieved free of
contradictions.

The majority of mathematics teachers do not allow their students to use graphic
calculators and computers because they believe that using those tools will hinder their students’
operating abilities. However in view of the serious nature of the problem of learning calculus
it might very well be advisable to analyze the contribution such tools could make to solve that
particular problem

Conclusions

The research reported demonstrate the need to coherently utilize different representations
that will make it possible to approach the problems more efficiently. Students predominantly
resort to algebraic representations yet if they make mistakes they are unable to recognize where
the mistake is. Moreover since they tend to use graphic representations in a very limited manner,
they do not have any additional considerations that could serve as a means of support to imbue
their algebraic processes with greater certainty or to raise a red flag, as it were, in case a mistake
has been made.

Developing skills linked to mathematics visualization can give students the impetus
needed to delve to a deeper level of calculus-related concepts. New materials must absolutely
be designed for this integral development, hence refraining from the standard to date of placing
much too much emphasis on one single type of representation — the algebraic representation.
We must break away from that idea and provide students with a richer notion that will enable
them to carry out deeper tasks while they are learning concepts of calculus.

Note

Articulation among representations is accomplished by considering conversion tasks
between representations. An example of this is: in the case of functions, the task of going from
a graphic representation of a function to an algebraic representation, and vice versa.
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